Abstract. In this paper we present an explicit construction of a relative symplectic packing. This confirms the precision of the upper bound for the relative packing of a ball into the pair (CP 2 , T 2 Clif f ) of the standard 2-dimensional complex projective space and a Clifford torus, obtained by Biran and Cornea.
Introduction and main results
In this note we present an explicit construction of a relative packing. The subject of symplectic packing was introduced first in a seminal work of Gromov [Gr] . Gromov showed, that looking on symplectic embeddings of a standard ball into a symplectic manifold, we can obtain an upper bound on the radius of a ball, which is stronger than a trivial obstruction based on volume computation. The first theorem in this direction is a non-squizzing theorem from [Gr] . This result has lead to a definition of a Gromov capacity, which plays an important role in the modern symplectic geometry. Later the subject of symplectic packing was treated by Biran, Mcduff, Schlenk, Traynor and others ( see Tr] ). New obstructions on symplectic packing of various domains were found. On the other hand, there were made attempts to find explicit constructions of certain symplectic embeddings, in order to show that the obstructions, which were found, are tight( see e.g. Tr] ). This note is devoted for proving a new result in this direction.
Recently, Biran and Cornea [Bi-Co] introduced a new version of packing, which was called by a relative packing. They found new obstructions on the relative symplectic packing in a number of situations, which are stronger than those in the case of a usual packing. In this note we consider one specific example from [Bi-Co] , and show that the corresponding obstruction is tight.
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Let us define first the notion of a relative symplectic packing. Consider a symplectic manifold (M 2n , ω) and a closed Lagrangian submanifold L n ⊂ M. Take a standard ball B 2n (r) ⊂ (R 2n , ω std ) of radius r > 0, where R 2n is endowed with coordinates (p, q), and denote B 2n
R (r). In this note we treat the situation where (M, ω) = (CP 2 , ω F S ) and L = T 2 ֒→ (CP 2 , ω F S ) is the standard Clifford torus in M. In [Bi-Co] it was shown, that given a relative packing
there is an upper bound for the radius of this ball : r ≤ 2 3
. Our main result is the following Theorem 1. For every r < there exists a relative packing
Let us mention, that in [Bi-Co] , authors consider relative packing into (CP 2 , T 2 ) of more than a single ball, and obtain obstructions on their radiuses. The case of three balls was treated, and is strongly connected to the properties of the quantum cup-product in Floer homology. The hypothetical upper bound in this case was found, under the assumption of existence of pseudo-holomorphic disc with certain properties. It still remains to show the existence of such disc, and in the case that it will be proved, one can try to find the example, which proves the tightness of this upper bound.
The idea of turning the proof of the Theorem1 to the 2-dimensional situation is due to Biran.
The rest of the paper is devoted to proving Theorem 1. In Section 2 below we outline the construction of the packing, and in Section 3 we prove our theorem.
The construction overview
It is well-known, that the open symplectic manifold (CP 2 \ CP 1 , ω F S ) is symplectomorphic to the unit ball (B 4 (1), ω std ) ⊂ (R 4 , ω std ). Identifying R 4 ∼ = C 2 , we have a natural action of a torii T 2 on B 4 (1). The moment map of this action is given explicitly by Then, by a standard procedure, we obtain a symplectomorphism B 4 (1) → T 2 ×R 2 , with image equal to T 2 ×△. Here we use the notation △ = {(x, y)|x, y > 0, x + y < 1} ⊂ R 2 . Take coordinates q 1 , q 2 ∈ [0, π) on T 2 and (p 1 , p 2 ) on the second factor of the product T 2 × R 2 . Then the Clifford torus is the pre-image of {p 1 = p 2 = 1/3} ⊂ T 2 × △. Look now on
From now on we will consider it as
and the symplectic form on it is dp 1 ∧ dq 1 + dp 2 ∧ dq 2 .
Then the image of the ball B 4 (1) will be equal to
The image of the Clifford torus coincides with
Take some r < 2 3
and consider
The construction is based on finding of a certain area-preserving map
Given such an f , we define F :
Our aim is to find f , such that the image of B 4 (r) ֒→ B 2 (r)×B 2 (r) under the map F will be contained in K ′ , and also the pre-image
In terms of f , this means that:
Here by f (z) q , f (z) p we denote the q, p-coordinates of f (z). Define a new map
The above conditions on f are equivalent to the following conditions on g:
Note first, that the condition 1') on g, implies that g(z) p < 1/3 for every z ∈ B 2 (r), just by setting w = (0, 0) ∈ B 2 (r). Therefore the image g(B 2 (r)) have to be contained in
In our construction we will find such a map g, which satisfies: 3') The image g({(x, y) ∈ B 2 (r)|y > 0}) of the upper half-disc, will be contained in {(q, p)| − π/2 < q < π/2, 0 < p < 1/3}. 
Before the construction of the desired map g we first prove the existence of a preliminary map, for which we replace the condition of a preservation of the area by a weaker one.
Lemma 1. There exists a smooth embedding
2 (r)|y > 0}) of the upper half-disc, will be contained in {(q, p)| − π/2 < q < π/2, 0 < p < 1/3}.
4) We have
G −1 ({(q, 0)| − π/2 < q < π/2}) = {(x, 0)| − r < x < r} ⊂ B 2 (r).
5) For every t ∈ [0, r) we have
Assume for a moment, that we already found such a map G. Introduce a function ϕ : (0, r) → R by
Then we must have
then it obviously satisfies
By definition of ϕ, the image G({(x, y)|x 2 + y 2 < t 2 , y > 0}) should be contained in the rectangle [−π/2, π/2] × [0, ϕ(t)]. Then, because of the conditions 3, 5 on G, we must have
The inequalities ( 1), ( 2) emphasize, that for r being very close to , in order to guarantee the conditions 3,5,6 of Lemma 1, the value ϕ(t) must be very close to
The latter observation shows that our construction does not work in the "limiting case" r = . Indeed, assume that we have been found such a map G for r = , then ( 1), ( 2) will imply that ϕ(t) = 1 2 t 2 .
Then we will have
but on the other hand, our assumptions on G imply the equality of the areas
Hence we obtain
what contradicts the continuity of the map G at the point (0, 0), since for small t, the image of the set {(x, y)|x 2 + y 2 < t 2 , y > 0} must be as close as we wish to G(0, 0), however, the diameter of the set (−π/2, π/2) × (0, 1 2 t 2 ) is always bigger than π. Based on Lemma 1, we derive Lemma 2. There exists a smooth embedding
which checks the properties 1'), 2'), 3').
The construction of g is based on the fact that given a diffeomorphism Ψ : B 2 (r) → R 2 , such that for every t ∈ [0, r) we have
then there exist a change of polar coordinates of the form (t, θ) → (t, α(t, θ)), such that the map
is area-preserving. This result was proved before by .
Proofs
Proof of Lemma 1. First of all, we will introduce a number of constants, which depend only on r, and will be fixed till the end of the proof of the lemma. Pick some H, H ′ satisfying r 2 /2 < H < H ′ < 1/3, then take some number ε, such that 0 < ε < r
and denote
. Finally, pick arbitrary 0 < δ < δ ′ < ε < ε ′′ < ε ′ < 1/C. It is clear that Area((−π/2, π/2) × (−H, H)) = 2πH > πr 2 . Therefore we can find a smooth curve Γ = {(x(s), y(s))} , included in the rectangle (−π/2, π/2) × (−H, H), which is symmetric with respect to X, Y axes, and which bounds a convex region with area equal to πr 2 . Now define a curve Γ ′ := {(Cx(t), Cr 2 y(θ)) equals θ, or in other words,
for some function ρ : [0, 2π) → (0, ∞). The map
will be of the form 
, and then take it to be linear on [ε ′′ , r]. It is smooth except for t = ε ′′ and for t = ε ′′ we have u ′ (t)/ u(t) 1/t < 2/t. It is easy to see that it can be smoothen at t = ε ′′ to obtain a function u(t) with desired properties. Then denote v(t) = ( . Now define a map
Note that on the ring {z|ε < |z| < ε ′ }, G 1 agrees with the map
Define a new map
as follows. First, one can easily find smooth functions
iθ , for 0 t < ε ′ . Note that on B 2 (δ), G 2 agrees with the homothety z → kz. Also note that G 1 , G 2 agree on the intersection of their domains of definition, and are equal
u 1 (t) u 2 (t) Figure 5 .
there to the map
Hence we can define a map
which by definition agrees with G 1 on {z|ε < |z| < r} and with G 2 on B 2 (ε ′ ). Let us check that G 3 is a smooth embedding: 1) G 1 is one-to-one: we have that u ′ (t) > 0 for all t ∈ [0, r]. On the other hand,
Therefore, u, v are strictly increasing, and because of our assumptions on the curve Γ, G 1 is one-to-one. Let us now show that it is an immersion. Considering polar coordinates (t, θ) on the domain of definition and Cartesian coordinates on the domain of the image, the jacobian of G 1 equals to
If we look on the vectors (x(θ), y(θ)), (x ′ (θ), y ′ (θ)) ∈ R 2 , because of our assumptions on the curve Γ, they lie in different and neighboring quadrants, and because of u(t), u
lie in different neighboring quadrants, hence they are not collinear, so the jacobian is nonzero.
2) G 2 is one-to-one: Consider polar coordinates (t, θ) on the domain of definition and on the domain of the image. Then the map G 2 acts as
Hence injectiveness of G 2 is clear, since for every fixed θ, we have
and is equal to u
Therefore G 2 is one-to-one and immersion on B 2 (ε ′ )\0. On the other hand, on B 2 (δ), G 2 agrees with the homothety z → kz, hence it is smooth embedding.
3) It is easy to see that the images
We have shown that G 3 is a smooth embedding. Now we are able to define a map
Area(G 3 (B 2 (t))). Note that ϕ is smooth on (0, r), φ ′ (t) > 0 for every 0 < t < r. On (ε, r), the area Area(G 3 (B 2 (t))) equals to the area inside the curve θ → (u(t)x(θ), v(t)y(θ)), which is u(t)v(t) times the area inside the curve Γ, so Area(G 3 (B 2 (t))) = u(t)v(t)πr 2 = ( t r ) 2 πr 2 = πt 2 , therefore ϕ(t) = t for t ∈ (ε, r). On t ∈ (0, δ), G 3 agrees with homothety by factor k, so ϕ(t) = kt for t ∈ (ε, r). Denote by ψ : [0, r) → [0, r) the inverse function of ϕ. Then is smooth on (0, r), φ ′ (t) > 0 for every 0 < t < r, ψ(t) = t for t ∈ (ε, r), and ψ(t) = 1 k t near 0. Now define
Hence we have an equation β θ (t, θ) = j(t, θ). Remind that G satisfies Area(G(B 2 (t))) = πt 2 . On the other hand, Differentiating by t, we obtain Then because of j is strictly positive and smooth, then β(t, θ) is strictly increasing and smooth with β θ (t, θ) > 0, also β(t, 2π) = 2π. On the other hand, since G is odd, we have j(t, θ + π) = j(t, θ) for every θ, hence β(t, π) = π 0 j(t, ϕ)dϕ = π.
Therefore we can define a map H : B 2 (r)\0 → B 2 (r)\0 given by H(t, θ) = (t, β(t, θ)), which can be easily checked to be a diffeomorphism. On the other hand, near 0, G equals to the identity map, therefore for small t we have j(t, θ) = 1, therefore for those t's, β(t, θ) = θ. Hence the map H is identity in some small punctured disc around 0, so it can be naturally extended to a diffeomorphism H : B 2 (r) → B 2 (r). From the fact that β(t, 0) = 0, β(t, π) = π, we have H({(x, 0)| − r < x < r}) = {(x, 0)| − r < x < r}, therefore g −1 ({(q, 0)| − π/2 < q < π/2}) = {(x, 0)| − r < x < r} ⊂ B 2 (r).
As we have build g, it is an area-preserving smooth embedding. Let us check the remained property. For this, note that H preserves the norm of every point in B 2 (r), therefore given z, w ∈ B 2 (r), with |z| 2 + |w| 2 < r 2 ,
we have |H −1 (z)| 2 + |H −1 (w)| 2 = |z| 2 + |w| 2 < r 2 , so g(z) p + g(w) p = G(H −1 (z)) p + G(H −1 (w)) p < 1/3.
